Small axial and flexural oscillations are analyzed for a periodic and infinite structure, constrained by sliding sleeves and composed of elastic beams. A nested Bloch-Floquet technique is introduced to treat the non-linear coupling between longitudinal and transverse displacements induced by the configurational forces generated at the sliding sleeve ends. The action of configurational forces is shown to play an important role from two perspectives. First, the band gap structure for purely longitudinal vibration is broken so that axial propagation may occur at frequencies that are forbidden in the absence of a transverse oscillation and, second, a flexural oscillation may induce axial resonance, a situation in which the longitudinal vibrations tend to become unbounded. The presented results disclose the possibility of exploiting configurational forces in the design of mechanical devices towards longitudinal actuation from flexural vibrations of small amplitude at given frequency.
Introduction
Configurational forces, introduced by Eshelby [21, 22, 23] to describe the motion of defects in solids, have been shown to act on elastic rods constrained by sliding sleeves [8] . In particular, the sliding of an elastic rod through a frictionless sleeve generates at both constraint ends an 'Eshelby-like' force of amount proportional to the square of the bending moment and direction parallel to that of sliding. Configurational forces may also be derived through an asymptotic approach [4, 5] or a material force balance [26, 40, 41, 42] and have been so far exploited in a series of novel applications [6, 7, 10, 11, 12, 13, 19, 27, 28, 29] . The action of Eshelby-like forces was recently disclosed in a dynamic framework ) and B = λ . The dynamic behaviour of the system (in the spatial coordinate x and time variable t) is analyzed in terms of the longitudinal u(x, t) and transverse v(x, t) displacement components, so that both stretching and bending are involved.
so that the continuous sets X
[m]
A and X 
where, for simplicity, the origin of the x-axis is assumed at the interface between the two substructures, so that the final coordinate of one substructure A coincides with the initial coordinate of the following substructure B. It is instrumental to introduce the discontinuous sets X A and X B as the collection of all the coordinates along the x-axis corresponding to the substructures A and B, , J = A, B, m ∈ Z,
so that ∂ + X
[m]
The inertial, geometrical, and mechanical properties are assumed to be uniform along each substructure, which is modeled as linearly elastic. Therefore, the distributions of (volumetric) mass density ρ, cross section area S, second moment of area I, and Young modulus E are given by
A dynamic analysis is performed in the time variable t for the periodic structural system, which undergoes planar motion, described under the assumption of linearized kinematics by the longitudinal u(x, t) and transverse v(x, t) displacement components, so that both stretching and flexure occur. In particular, three structural systems are considered, one of which is subject to purely longitudinal motion, while the other two involve the presence of sliding sleeve constraints, but of different extent, namely:
(0) axially vibrating structure (corresponding to a sliding sleeve constraining the whole structure, Fig. 2, upper part)
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(I) sliding sleeves of length (1 + 2δ − λ) (with δ ∈ (0, λ/2)) fully enclosing the substructure A and symmetrically constraining the external parts of substructure B (Fig. 2 , central part)
(II) sliding sleeves of length 2δ (with δ ∈ (0, 1/4)), centered at the discontinuity points ∂ ± X
[m] J (symmetrically constraining the external parts of substructures A and B, Fig. 2 , lower part)
The presence of these constraints imply that the parameter λ has to belong to the interval
Figure 2: The three structural systems differ in the constraint applied to periodic structure shown in Fig. 1 : System (0) only subject to longitudinal motion (constrained by an infinitely long sliding sleeve), System (I) where a sliding sleeve fully encloses the substructure A, but leaves transverse oscillations possible for the central part of the substructure B (central part), and System (II) where a sliding sleeve symmetrically acts at the ends of the substructures, leaving to the central parts of both of them the possibility of flexural deformation (lower part).
In the following, the analysis is developed for the structural System (II) and later exploited to investigate the behaviour of Systems (0) and (I) as particular cases. To this purpose, it is useful to distinguish the three different subparts of the substructure J = A, B through the coordinate subsets X 
where a superscript ' or˙denotes spatial or time derivative, R J = I J /S J the radius of gyration and c J = E J /ρ J the longitudinal wave speed of the substructure J (J = A, B). With reference to System (II), the boundary conditions are the following
• continuity of the longitudinal displacement field u(x, t) at the subset boundaries
• continuity of the internal axial force N (x, t) = E(x)S(x)u (x, t) at the interface between the two substructures
• jump in the internal axial force N (x, t) = E(x)S(x)u (x, t) at the interface between the two 
Note that the configurational force is given by the bending moment,
, evaluated at the sliding sleeve end, squared and divided by two times the beam's bending stiffness E J S J R 2 J (J = A, B);
• null transverse displacement v(x, t) and rotation v (x, t) within each sliding sleeve and at its ends
From the above boundary conditions is evident that:
• the transverse displacement, as well as its first derivative, is continuous along the periodic structure. The longitudinal displacement is continuous too, but its first derivative is discontinuous at each sliding sleeve end, due to the presence of the configurational force, and at each substructure's interface where the material properties are discontinuous;
• although the governing equations (14) are uncoupled, a coupling between the transverse v(x, t) and the longitudinal u(x, t) motion arises due to the boundary condition involving the configurational force. The coupling is weak because the former affects the latter, but not vice versa, and therefore longitudinal oscillations are 'nested' into the transverse ones. Moreover, due to the nonlinear character of configurational forces, the presence of sliding sleeves introduces non-linear effects in structural systems governed by linear differential equations.
Nested Bloch-Floquet vibrations
Following standard techniques, the solution to the differential system (14) can be sought through separation of variables, so that both the displacement fields become functions of space, modulated by a function of time u(x, t) = U (x)Φ(t), and v(x, t) = V (x)Ψ(t).
Under this assumption, the system of two partial differential equations, eqn (14) , can be rewritten as two systems of ordinary differential equations, one in the time variable, the other in the space variable. The system in the time variable is given by
Published in Philosophical Transactions of the Royal Society A (2019) 377: 20190101 doi: https://doi.org/10.1098/rsta.2019.0101 so that the two functions Φ(t) and Ψ(t) can be expressed in terms of sinusoidal and cosinusoidal trigonometric functions of ωt and Ωt, with ω and Ω being the angular frequencies for longitudinal and transverse vibrations, both for the moment unknown. Introducing these angular frequencies, the differential system in the space variable can be written as
Imposing the boundary conditions at all upper and lower boundaries ∂ ± X
JK , system (21) leads to the following expressions for the spatial functions
where
with
and
in which θ(x) is the Heaviside step function, so that θ(x) = 1 for positive argument x and θ(x) = 0 otherwise.
Flexural vibrations
Due to the weak coupling between axial and flexural vibrations, the latter vibrations can be solved independently of the former. More specifically, imposing the boundary conditions (18) to the transverse displacement field (22) 2 yields the following well-known eigenvalue problem for the parameter
providing an infinite set of solutions 
It is important to observe that the present analysis leads to the independent evaluation of the eigenvalues β A (n A ) and β B (n B ). However, for System (II), due to the axial interaction between the substructures, these two eigenvalues are related to the same angular frequency Ω, eqn (24) , so that the free oscillation may be realized only when
a condition imposing that a transverse motion governed by modes n A and n B becomes possible for two substructures only when
implying the following linear relation 1 between λ and δ
The geometrical constraint (31) shows that, for finite values of (c B R B )/(c A R A ), the lower (upper) bound for λ is attained when n A n B (n A n B ). The linear relation between λ and δ defined by equation (31) is graphically represented in Fig. 3 , for (c B R B )/(c A R A ) = 9 and different mode pairs {n A , n B } (with n A and n B ranging between 1 and 3).
It is remarked that the relation (31) holds only for System (II) when both substructures are vibrating transversally. Whenever at least one of the two substructures does not display transverse oscillations (as it occurs for System (II) when V With reference again to System (II), it is worth to note that when λ is such that the two substructures may simultaneously oscillate under transverse modes, respectively, n A and n B :
• if n A = n B then this is the unique pair of modes for which transverse oscillation may occur;
• if n A = n B = n then the two substructures may oscillate transversally for every mode n. In this case, the periodic structure has a length parameter λ given as a function of the sliding sleeve halflength δ, the longitudinal wave speeds c J and the radii of gyration R J of the two substructures (J = A, B) in the form
Published Figure 3 : Parameter λ as a function of the dimensionless sliding sleeve half-length δ, eqn (31), allowing for transverse oscillations in both substructures of System (II) under modes n A and n B . The linear relation has been drawn only for the mode pairs {n A , n B } with n A and n B ranging between 1 and 3 of a structural system with (c B R B )/(c A R A ) = 9. In particular, the red line represents the case n A = n B = n, under which the two substructures may simultaneously oscillate under every mode n. This line and the two dashed lines, the latters representing upper and lower bounds for λ (respectively given by the limit cases n A n B and n A n B ), define two regions in the plane where all the cases n A < n B (light red background) and n A > n B (light green background) lie. The specific mode pairs {n A , n B }, to which the other colored straight lines are referred, are listed in the figure with corresponding colors.
Axial vibrations
In order to solve for axial oscillations, the boundary conditions (15), (16) , and (17) involving the longitudinal displacement may be rewritten via separation of variables, eqn (19) , and using the expression (22) for the spatial functions. In particular, the continuity of the longitudinal displacement (15) implies
BL2 cos ωδ c B ,
while the continuity equations (16) implies
Moreover, holding the jump conditions (17) at each sliding sleeve end ∂X (±) J (J = A, B) for every time t, the frequency of the longitudinal oscillation is related to that of the transverse through AL1 cos
Bloch-Floquet analysis and resonance
Free oscillations are sought with quasi-periodicity properties by imposing the Bloch-Floquet condition with phase angle φ between two subsequent structural unit cells
where i is the imaginary unit. Considering the separation of variables, eqn (19) , the quasi-periodicity provides the following constraints on the (complex) amplitudes defining the motion in the different cells
so that the quasi-periodic motion of the infinite periodic structural system is defined once the amplitudes defining the motion of the 0-th cell are given. In particular, the application of the Bloch-Floquet condition to the boundary conditions (33), (34) , and (36) leads to the following linear system in the twelve amplitudes of the axial motion in the 0-th cell, U BC1 , both corresponding respectively to modes n A and n B ,
which, under the quasi-periodicity assumption (37) , also includes the boundary conditions (33), (34) , and (36) for every cell p ∈ Z. In eqn (39) , M is a 12 by 12 matrix, whose non-null coefficients are 
while the three vectors U
[0] , Γ A , and Γ B are defined as
where the superscript T denotes the transpose operator and the coefficients Γ Jk (J = A, B and k = 1, 2) are given by
From the linear equation (39) it is evident that the analysis developed for System (II) also includes, as particular cases, that for System (0) (by considering V BC1 , the longitudinal motion of the system can be solved when the matrix M in Eq. (39) is not singular, in other words, when
is not null, a condition showing that the sliding sleeve length parameter δ is not involved. It follows that the vanishing of the determinant is attained when the pair ω and φ satisfies
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4 Results on the dynamics of a periodic structure subject to configurational forces
The theoretical framework developed in the previous sections is exploited here to investigate the dynamic behaviour of the considered three periodic structures subject to configurational forces: Systems (0), (I), and (II).
Purely axial vibrations: System (0)
When transverse motion is excluded, v(x, t) = 0, only longitudinal oscillations become possible. A way to eliminate flexural vibrations is to insert the whole structure inside a sliding sleeve, so that now the definition of the subsets X JL , X JC , and X JR (J = A, B) becomes meaningless and the longitudinal displacement field can be expressed as
with θ
Due to the simplicity of expression (45) for the longitudinal field, the twelve boundary conditions (15), (16) , and (17) reduce to four continuity conditions at the interfaces between the two substructures, which considering the quasi-periodicity condition (37) , are equivalent to the following homogeneous linear system for the four amplitudes U
B1 , and
It is noted that the determinant of the matrix involved in the above linear problem coincides with that of the matrix M, eqn (43) , so that non-trivial solutions (namely, longitudinal oscillations) exist when eqn (44) holds, defining the dispersion diagram ω -φ at varying the properties of the substructures. For the sake of simplicity, the results are presented for this and the other two systems assuming the same mass density and geometrical properties for the two substructures
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so that the longitudinal wave speed for each substructure is given by
with c = E/ρ. Under this assumption, the matrix determinant (44) reduces to 2 cos
which defines the relation between the Bloch-wave frequency ω /c and its phase φ, provided the structural properties λ and r are given. The dispersion diagrams ω /c-φ reported in Fig. 4 for System (0) with λ = {0.6, 0.7, 0.8} and r = {4, 9, 16} are well-known [35] and show the presence of pass bands and stop bands (also called 'band gaps'), namely, intervals of the frequency ratio ω /c inside which a Bloch-wave may and may not propagate, respectively. It is remarked that these pass and stop bands, only exist for System (0) (not involving transverse displacements). Flexural vibrations allow the possibility of axial vibrations for Systems (I) and (II) even for angular frequencies ω inside the stop bands defined for System (0). However the pass and stop band structure of the underlying System (0) is related to interesting features for Systems (I) and (II), as shown later in this Section. In System (I) transverse oscillations may only exist within the substructure B, so that the parameter λ is unconstrained (namely, eqn (31) does not hold). In this case only configurational forces at the end of the sliding sleeve exerted on the substructure B are generated. Considering that the substructure B oscillates transversally under mode n B , the angular frequency ω can be obtained from eqn (27) as
which, under the assumptions (49), (50), and (55), reduces to the following dimensionless form
where Λ = S/I is the slenderness of the periodic structural cell. The dimensionless frequency ω /c, eqn (54), defines the oscillations of System (I) for given values of r, λ, δ, Λ, and mode number n B , whose longitudinal amplitudes can be obtained from the solution of the linear system (39), once a nonnull transverse amplitude V • the dimensionless frequency ω /c belongs to one of the band gaps of System (0). In this case, the matrix M is always non-singular so that finite longitudinal amplitudes are always attained for a given finite transverse amplitude V
[0]
BC1 ;
• the dimensionless frequency ω /c does not belong to a band gap. In this case, the matrix M becomes singular for values of ω /c and φ lying on the dispersion curve, for which the resonance condition, eqn (44) , is attained. It follows that oscillations defined by pairs of ω /c and φ close to the dispersion curve are governed by large longitudinal amplitudes (approaching infinity) at given finite transverse amplitude V
BC1 .
It follows from the above discussion that longitudinal vibrations are generated when transverse vibrations are present (in Systems (I) and (II)). For this reason, such longitudinal vibrations are referred to as nested Bloch waves, as they are 'nested' to the transverse ones. Indeed, while the classical Bloch longitudinal waves (in System (0)) have frequency defined by eqn (52) and undefined amplitude, the nested Bloch longitudinal waves have frequency defined by relation (35) and amplitude defined in relation of the transverse oscillations amplitudes V BC1 / = 1 on System (II) with r = 9, δ = 0.05 and λ = 0.7. The horizontal axis reports the phase angle φ, while the out of plane axis the dimensionless frequency ω /c, so that the blue curves are the dispersion diagram for purely longitudinal oscillations (shaded light blue regions represent stop bands for classical Bloch waves). Resonance occurs for Λ = 100 (Λ = 150) at φ ≈ {0.436, 0.465}π (φ ≈ {0.336, 0.838}π) under first and second (second and third) modes.
